Recently, a class of inflation models in supergravity with gauge non-singlet matter fields as the inflaton has been proposed. It is based on a 'tribrid' structure in the superpotential and on a 'Heisenberg symmetry' for solving the η-problem. We suggest that a generalization of this model class may be suitable for realising inflation in heterotic orbifold compactifications, where the Heisenberg symmetry is a property of the tree-level Kähler potential of untwisted matter fields. We discuss moduli stabilization in this setup and propose a mechanism to stabilize the modulus associated to the inflaton, which respects the symmetry in the large radius limit. Inflation ends via a waterfall phase transition, as in hybrid inflation. We give conditions which have to be satisfied for realising inflation along these lines in the matter sector of heterotic orbifolds.
Introduction
Inflation is a successful paradigm for solving the flatness and horizon problems of Standard Big Bang cosmology and for providing the seed of structure in the universe [1] . However, there are various open questions, for example: What is the inflaton, i.e. the particle responsible for the inflationary dynamics? How can the necessary flatness of the inflaton potential be realised? The latter challenge is known as the η-problem [2, 3] , named after the slow-roll parameter η which should be substantially smaller than one to obtain consistent slow-roll inflation. The η-problem is a very generic challenge: In the inflationary era a large vacuum energy V 0 contributes dominantly to the energy density of the universe. From the perspective of effective field theory, dimension six operators of the form O 4 φ 2 /M 2 P with O 4 ∼ V 0 give a mass to the inflaton field φ of the order V 0 /M 2 P , i.e. of the order of the Hubble scale. This would violate the above-mentioned condition for slow-roll inflation due to η ∼ 1.
At the level of effective field theories, for instance in supergravity, one may postulate approximately conserved symmetries like a 'shift symmetry' [4, 5] or a 'Heisenberg symmetry' [6, 7] to solve the η-problem. Recently, some progress has been made with respect to the second possibility: In [8] a new class of inflation models in supergravity has been proposed, where the approximately conserved Heisenberg symmetry solves the η-problem and where the associated modulus is stabilized by corrections to the Kähler potential. Inflation ends by the 'waterfall mechanism' as in hybrid inflation [9] . However, compared to standard SUSY hybrid inflation [10] , the new class of models dubbed 'tribrid inflation' is taylor-made for using symmetry solutions to solve the η-problem [6, 11] (for some recent related work see also [12] ). It has furthermore been demonstrated in [13] that tribrid inflation combined with the Heisenberg symmetry allows the inflaton to be a (combination of) gauge non-singlet field(s) in the matter sector of the theory.
To address the question of the origin of the symmetries used for solving the η-problem, it is necessary to go beyond the effective field theory approach and consider a UV-completion of the theory, i.e. a theory of quantum gravity. 1 The main reason for this is that black hole evaporation suggests that continuous global symmetries with associated conserved charges are broken in the UV [14] . The leading candidate for a UV-completion to date is string theory and various approaches have been followed to realise inflation in string theory. An important class of models is that of brane-anti-brane inflation: The inflaton is in the open string sector and corresponds to the position of a D-brane moving towards an anti-D-brane in the compact space (for early work on brane inflation see [17] ). This idea is viable as 'warped' D-brane inflation [18] , where a D3-brane moves down a warped throat, and which has been further developed in [19] . There are also models of brane inflation with D3-branes moving towards D7-branes, see e.g. [20] . Another class of models where the inflaton is a modulus from the closed string sector, i.e. the volume of a cycle of the compact space, has been investigated rigorously [21] . Very recently, models of large field inflation based on the concept of monodromy have been constructed [22] . For recent reviews and further references on models of inflation in string theory see [23] .
The issue of moduli stabilization is crucial for any model of inflation in string theory. Most constructions are in the context of type IIB string theory, more precisely they are based on '(warped) flux compactifications' [24] . So far, this class of models provides arguably the best understood framework for moduli stabilization in string theory [25] . For reviews and further references on flux compactifications see [26] .
In this paper, we propose a new approach for realising inflation in the matter sector of heterotic string models. In many orbifold compactifications of the heterotic string the effective four-dimensional action features a Heisenberg symmetry in the untwisted sector [27, 28] . The Heisenberg symmetry is a non-compact symmetry, which extends the shift symmetry of the axion contained in a Kähler modulus T . It allows the Kähler modulus and the matter fields, to be identified as inflaton(s), to appear in the Kähler potential only in a certain combination. The symmetry allows to keep the inflaton direction flat at treelevel, thereby alleviating the η−problem [7] . Regarding string inflation with Heisenberg symmetry, it has been suggested in [29] that a phase of vacuum energy dominance can emerge due to the symmetry, but no model for the inflationary dynamics or the end of inflation was proposed. Our approach is based on a generalization of the tribrid inflation class of models where the matter fields enjoy a Heisenberg symmetry. Here, we outline how this scenario can be embedded into heterotic orbifolds with some untwisted matter fields as the inflatons. The conditions on the superpotential in the tribrid setup are wellsuited for heterotic orbifolds. Moreover, since we aim at realising inflation in the matter sector of the theory, we wish to choose a class of string compactifications where MSSMlike spectra can be obtained. Indeed, a certain class of heterotic orbifolds, the 'minilandscape' models have been thoroughly studied and shown to yield spectra very close to the MSSM [30] . The most recent attempts towards (bulk) moduli stabilization in these models are [31, 32] , where the latter tries to construct explicit examples. However, there is so far no explicit model with all bulk moduli stabilized. Here, we address inflation in heterotic orbifold compactifications, but we do not focus on a particular class of orbifolds. Instead, we propose a framework which is in principle capable of achieving inflation in the matter sector and stabilizing the bulk moduli during inflation. We describe the necessary conditions for inflation in this setup and it remains to be checked whether they can be satisfied in phenomenologically interesting compactifications.
One important aspect of our scenario is that we expect the Kähler modulus associated to the Heisenberg symmetry protecting the inflaton and the dilaton to be stabilized during inflation only by particular terms in the Kähler potential originating from perturbative and non-perturbative corrections. Note that this setup is in sharp contrast to the standard picture where moduli stabilization both during and after inflation is achieved by terms in the superpotential, e.g. as in the KKLT scenario for type IIB flux compactifications [25] . The standard procedure has the advantage of better control over the responsible terms due to the non-renormalization theorems for the superpotential. However, in these models there is often a tension between high scale inflation and low scale supersymmetry breaking [33] . Typically, the Hubble scale during inflation is constrained to be less than today's gravitino mass in order to avoid decompactification, i.e. H inf m 3/2 . In our case, this problem is relaxed since we employ different mechanisms for moduli stabilization during and after inflation (for example, a gaugino condensate is typically negligible during inflation but can be important afterwards [29] ). Therefore, there is no direct relation between the Hubble scale during inflation and the gravitino mass today.
2
The dilaton is stabilized during inflation by non-perturbative corrections to the Kähler potential as in [29] . We propose a way to stabilize the Kähler modulus associated to the inflaton which we expect to break the Heisenberg symmetry only weakly in the large radius limit. It is based on moduli-dependent threshold corrections to the Kähler metric of a twisted matter field. If there are sectors with N = 2 supersymme-try, such corrections can be present and there are known results for the Kähler metric of untwisted matter fields [35] (the N = 1 sectors contribute only moduli-independent corrections). We assume that the corrections to the Kähler metric of twisted fields take a similar functional form. Moreover, as a working hypothesis, we consider the case where these corrections preserve the Heisenberg symmetry up to terms which are exponentially suppressed in the large radius limit. This conjecture is based on the observation that the shift symmetry protecting the imaginary part of the modulus involved in the threshold corrections is recovered as an approximate symmetry at large radius (it is only broken by worldsheet instantons [36, 37] ). We argue that this form of the Kähler metric allows for moduli stabilization during inflation with a minimum at large radius. Hence, we have a sufficiently flat inflaton potential if the Heisenberg symmetry is indeed approximately recovered in this limit. We also briefly discuss alternatives for generating a slope for the inflaton such as loops involving the waterfall fields. This paper is organized as follows: in Sect. 2 we describe a class of models, which is a generalization of the 'tribrid' models of [8] with a Heisenberg symmetry. We explain how the moduli get stabilized during inflation and comment on the inflaton slope and the hybrid mechanism. In Sect. 3, we review the basic ingredients of the effective action of heterotic orbifolds. Based on the ingredients described in Sect. 3, we outline in Sect. 4 a proposal how to embed the general class of models of Sect. 2 into heterotic orbifolds. Moduli stabilization during inflation is described and we briefly comment on constraints from imposing D-flatness and the slope of the inflaton potential. We then conclude and summarize open questions in Sect. 5.
General class of models
We consider a generalization of the 'tribrid' inflation models of [8] , which employed a Heisenberg symmetry [27] and a specific structure of the superpotential to solve the η-problem and implement the waterfall mechanism of hybrid inflation [9] . The generalization is done keeping in mind what might be viable in heterotic orbifold compactifications. It is characterized by the following requirements:
• A D-flat and F-flat direction of (matter) fields acts as the inflaton.
• The inflaton direction is protected against the η-problem by an approximate symmetry.
• The inflaton is coupled to a waterfall sector such that the inflationary part of the superpotential approximately vanishes during (and after) inflation, i.e. W 0.
The condition of an approximately vanishing superpotential helps to suppress higher order supergravity corrections that usually destroy the flatness of the inflaton potential [6] . In addition, this requirement reduces the couplings between the inflaton and other sectors in the theory, e.g a moduli sector.
First, in Sect. 2.1 we review the 'tribrid' structure of the superpotential and the Heisenberg symmetry as described in [8, 11] . Then we extend this in Sect. 2.2 to a form which is suitable for a possible realisation of the setup within heterotic orbifolds. We discuss moduli stabilization in Sect. 2.3 and comment on the inflaton slope and the hybrid mechanism in Sect. 2.4.
Basic setup
In the 'tribrid' inflation models, the superpotential is supposed to have the following structure [8, 11] 
where the three fields X , H and Φ play different roles: they provide the large vacuum energy, the mechanism to end inflation and the 'clock' determining when inflation ends (i.e. when Φ reaches a critical value, one of the waterfall degrees of freedom becomes tachyonic), respectively. The scale M sets the expectation value of H at the end of inflation and the F-term of X during inflation and thus the vacuum energy. This superpotential is supplemented by a Kähler potential of the form
where ρ contains the inflaton Φ and a modulus T in a combination which is invariant under the Heisenberg symmetry:
Examples for the functions d(ρ) and k(ρ) can be found below and in [8] . The Heisenberg symmetry acting on T and Φ consists of the following two elements [27] :
and
Note that we use units where M P = 1 throughout this work, except where stated otherwise. The Kähler potential in Eq. (2.2) is expanded in H and X. The f (Φ)H 2 term in the superpotential provides a positive Φ-dependent mass squared for the waterfall field H. A possible choice for f (Φ) is for example f (Φ) = Φ n for any n ≥ 1. The field X provides the vacuum energy by its F-term and the function k(ρ), in combination with a suitable choice of d(ρ), can stabilize ρ during inflation. One main feature of this framework is that during inflation we have W = 0, W Φ = W H = W T = 0, W X = 0 with X = H = 0. It was emphasized in [6, 8] that these conditions are desirable for solving the η-problem with a Heisenberg symmetry. Because of the symmetry, the inflaton direction is protected from the η−problem, whereas the symmetry breaking term f (Φ)H 2 in the superpotential provides the required slope via quantum loop corrections to the tree-level flat potential.
One interesting aspect of the Heisenberg symmetry is that it allows the inflaton Φ to be a gauge non-singlet matter field. We allow for this below, following [13] , where an explicit example of matter inflation in the context of supersymmetric Grand Unified Theories (GUTs) was constructed. This requires a modification of Eqs. (2.1) and (2.2). In particular, one has to introduce multiple matter fields Φ a in order to satisfy the constraints from imposing D-flatness. Then the function f (Φ) in Eq. (2.1) has to involve a gauge-invariant product of these matter fields Φ a , for example f (Φ a ) = Φ + Φ − . In addition, the combination ρ in Eq. (2.3) gets modified to ρ = T +T − a |Φ a | 2 . Moreover, the field H is replaced by two matter fields H ± in conjugate representations, i.e. in all terms in the superpotential H 2 now becomes H + H − . Note also that now the parameter β in the symmetry transformation in Eq. (2.5) has to be replaced by a set of parameters β a . The Heisenberg symmetry is an approximate symmetry in the limit of vanishing superpotential and gauge coupling. Thus, we must ensure W 0 during inflation and that there are no background gauge fields under which the inflaton is charged. The corrections induced by loops involving gauge fields are discussed in Sect. 2.4.
A generalization
The superpotentials and Kähler potentials we consider from now on are a further generalization of the 'tribrid' structure that is introduced in the last section:
The first three terms in the Kähler potential are the analog of k(ρ) in Eq. (2.2), and K includes the analogs of all the other terms in Eq. (2.2). The expectation value Σ replaces the mass scale M in Eq. (2.1). We will now first describe the field content of the model and then the structure of the superpotential and Kähler potential in more detail.
The T i , i = 1, 2, 3, are moduli fields and their Kähler potential satisfies the no-scale property (i.e. K i KjK ij = 3 for i, j = T 1 , T 2 , T 3 ). The Φ a denote matter fields, i.e. gauge non-singlet fields, and f (Φ a ) is supposed to be a gauge-invariant product of the Φ a , such that a D-flat combination of these fields can act as the inflaton. That is, the inflaton is a certain linear combination of the Φ a , which is specified by the vanishing of the Dterms. Such a gauge-invariant product may be as simple as Φ + Φ − , but it can also be a more general combination. The Heisenberg symmetry demands that the Kähler potential depends only on the invariant quantity
The choice to associate the Φ a to T 3 is of course arbitrary. The waterfall fields H ± belong to conjugate representations with respect to some gauge group, e.g. a U (1), as is indicated by the superscript ±. They are kept at zero during inflation due to the f (Φ a )H + H − term in W for sufficiently large values of the Φ a and acquire expectation values at the end of inflation. Since the Φ a are gauge non-singlets, f (Φ a ) is at least quadratic in the fields and thus involves a scale Λ, e.g. f (Φ a ) = Φ + Φ − /Λ. This scale is a priori undetermined. In the case of heterotic orbifolds considered later we will take Λ ∼ M s , where M s denotes the string scale.
The field X receives an F-term during inflation (where H ± = 0) and thereby provides the vacuum energy. Moreover, its expectation value is fixed at X = 0 during inflation, e.g. enforced by a term −κ X |X| 4 with κ X > 0 and sufficiently large in the Kähler potential [4] . 3 At the end of inflation, its F-term vanishes once the waterfall fields H ± acquire their expectation values, which also ensure X = 0 after inflation. The scale of the F-term of X is assumed to be generated by the expectation value of a collection of fields denoted by Σ , which is e.g. induced by the Fayet-Iliopoulos D-term of an anomalous U (1) A .
An example for a possible D-flat trajectory suitable for inflation is The terms in the superpotential which are subleading with respect to the F-term of X are collectively denoted by W . In particular, those terms may be responsible for moduli stabilization after inflation and also may be important for low-energy supersymmetry breaking. Here, since supersymmetry breaking during inflation by the F-term of X, we can work in the approximation W X = 0, W W n 0, where the index n runs over all fields other than X.
The function K determines in particular the kinetic terms of H ± and X and furthermore includes all other terms not relevant for our inflation setup. Since we keep X and H ± at zero during inflation, let us expand the Kähler potential in powers of X, H ± . To quadratic order in Υ α ∈ {X, H ± }, K is of the form 9) where the dots denote higher order terms in Υ α as well as terms independent of Υ α . We assume that the moduli-dependent functions k α respect the Heisenberg symmetry and consider two possible functional forms, which are motivated by heterotic string compactifications:
The q α i ≥ 0, i = 1, 2, 3, are model-dependent rational numbers (with q X 3 = 0). Using W W n 0 for n = X, the F-term potential during inflation (where X = H ± = 0) is given by 12) where k X is given by Eq. (2.11), K given by Eq. (2.6b) and the expectation value of Σ can be induced either through the D-term of an anomalous U (1) or through the superpotential. The role of Σ is to set the scale of the F-term of X through its expectation value, and thus the overall scale of the scalar potential.
Moduli stabilization during inflation
The moduli fields T i have to be stabilized during inflation. Since none of them is the inflaton, we would like to stabilize them with a high mass at least of the order of the Hubble scale H inf . For T 1 and T 2 , stabilization is achieved by a suitable form of the function a(T 1 , T 2 ) in Eq. (2.6a), which enters the F-term of X. Moreover, the modulus T 3 , or rather the combination ρ 3 in Eq. (2.7), is fixed by an appropriate moduli dependence of the kinetic term of X, i.e. by an appropriate choice of d(ρ 3 ). We now discuss how both stabilization mechanisms work in a simple toy model. Note that due to the product structure of the moduli dependence in Eq. (2.12) we can discuss the stabilization of T 1 , T 2 and ρ 3 separately.
We stabilize ρ 3 during inflation with the F-term of X combined with a suitable kinetic term for X in order to give it a mass m H inf . The moduli dependence of the F-term potential Eq. (2.12) not only depends on K, k X and a(T i ) but also on Σ . As we will see in Sect. 3.6, due to the moduli-dependent non-canonical Kähler potential (and superpotential) terms, the expectation value Σ typically inherits some moduli dependence. Assuming that the moduli dependence is inherited from the Kähler potential, Σ ∝ ρ q 3 for some rational number q ≥ 0. The function d(ρ 3 ) needs to respect the Heisenberg symmetry to a sufficient amount (in order to ensure a sufficiently small inflaton mass) and must be of a suitable form to stabilize ρ 3 during inflation. To illustrate what 'suitable form' means, consider the ρ 3 -dependence of the F-term potential, which is of the form
13)
4 If Σ is independent of ρ 3 , we have p = −1. Otherwise it is some rational number.
with some rational number p ≥ −1. In order to get a minimum suitable for inflation, let us make the simple ansatz d(ρ 3 ) = γ + βρ 3 . If p < 0, β < 0 and γ > −1, this yields a minimum at
For this choice of d(ρ 3 ), the potential has a pole at ρ 3 = −(1 + γ)/β, which provides the barrier towards ρ 3 → ∞. For p < 0, the ρ p 3 factor prevents the field from rolling to ρ 3 → 0. Therefore, the parameter p is constrained to be −1 ≤ p < 0. Fig. 1 shows a plot of the ρ 3 -dependence of the potential (in arbitrary units) for an illustrative choice of parameters. , γ = 0.01 and β = −0.05, which has a minimum at ρ 3 ≈ 6.73. The pole is at ρ 3 = 20.2. The overall scale of the potential has to be set by Σ .
We expect the pole in the potential to be an artefact of our approximation: we work at second order in the derivatives and the pole appears when
. Therefore, this approximation breaks down close to the pole and higher derivative corrections become important. In particular, if one would like to address issues such as stability of the minimum with respect to tunneling, the higher derivative terms have to be included. Note that in the region to the right of the pole, K XX < 0 and thus X has a kinetic term with the wrong sign. For our present purpose we only need that the potential given by Eq. (2.13) is a good approximation if we are not too close to the pole and we will assume that we are confined within this region.
To determine the physical mass of ρ 3 around its minimum in units of the Hubble scale H inf during inflation, we have to take into account that the Kähler potential Eq. (2.6b) leads to a non-canonical kinetic term for ρ 3 , namely ρ
2 . Hence, the physical mass is given by m
where V 0 denotes the value of the potential at the minimum (recall that we have set M P = 1 and thus H 2 inf ∼ V 0 ). For p −0.15, we have m ρ 3 H inf , which should be heavy enough such that ρ 3 settles to its minimum sufficiently fast.
As noted above, stabilization of T 1 and T 2 requires a 'suitably chosen' function a(T 1 , T 2 ). Assuming again that a possible moduli-dependence of Σ is only due to the non-canonical Kähler metric, the dependence of the scalar potential on T 1 and T 2 takes the form 16) with p 1 and p 2 rational numbers ≥ −1. A simple choice for a(T 1 , T 2 ) which does the job is a(T 1 , T 2 ) = e a 1 T 1 +a 2 T 2 . If a i > 0 and p i < 0, this will yield a minimum for Re T 1 and Re T 2 : The exponentials diverge as Re T i → ∞ and similarly the power law factors diverge as Re T i → 0. The minima are at Re ≈ 0.26, which has a minimum at ReT i ≈ 0.96. The overall scale of the potential has to be set by Σ .
Note that in both situations, Eq. (2.13) and Eq. (2.16), for our choices of d(ρ 3 ) and a(T 1 , T 2 ) the axions associated to Im T i only receive a potential from the terms contained in W . However, this is not a problem for the inflationary scenario discussed here: The axions are effectively frozen during inflation due to the strong Hubble damping [8] .
Once the moduli have settled to their minima, the functions a, b and c can be effectively treated as constants. Similarly, the non-canonical kinetic terms approximately amount to a rescaling of the fields by a constant only.
Actually, the choices for a(T 1 , T 2 ) and d(ρ 3 ) in this section are not made purely for illustrative purposes, but are motivated from what we expect to find in heterotic orbifold compactifications, as we discuss below in Sects. 3.2 and 3.4, respectively. Note that after inflation a different mechanism for moduli stabilization is required, which contribute to W . The basic idea is that moduli stabilization after inflation is achieved by different means, which are encoded in W and stabilize the moduli at a different scale such that the corrections induced by W do not introduce an η-problem. We do not discuss this here in detail and leave this issue for future work.
A slope for the inflaton and the hybrid mechanism
So far, we have generated a large vacuum energy and stabilized all the moduli during inflation. But if the Heisenberg symmetry was exactly preserved, there would be no slope for the inflaton and hence no way to end inflation. In this section, we briefly discuss what sources could generate a slope within our setup and how we expect inflation to end via the hybrid mechanism.
A slope can be induced by various types of sources, for example
• by one-loop Coleman-Weinberg corrections induced by the explicit breaking term f (Φ a )H + H − in the superpotential, which couples the inflaton to the waterfall sector,
• through loops involving gauge fields,
• through the subleading terms in W ,
• or via Heisenberg symmetry breaking terms in the Kähler potential.
In the latter two cases, the corresponding terms in the scalar potential must be parametrically small compared to the contribution from the F-term of X and hence yield η 1. If the Coleman-Weinberg corrections dominate, we expect similar inflationary dynamics as those discussed in [13] . In either case, once the inflaton reaches a critical value, one of the waterfall fields becomes tachyonic and triggers the waterfall phase transition, thereby ending inflation.
During the phase transition, topological defects such as cosmic strings could be formed since the waterfall fields are charged under a gauge symmetry e.g. a U (1). Without a specific model it is difficult to decide whether these are problematic or not. First, if the symmetry is broken also during inflation, i.e. if the inflaton is also charged under this gauge symmetry, we expect that as in [13] topological defects could be avoided due to corrections to the inflaton potential, which lift the degeneracy. Second, the analysis of [39] , who considered the somewhat similar scenario of 'standard' F-term hybrid inflation, finds that the consistency of cosmic strings with WMAP data depends not only on the value of the gauge coupling but also of a parameter κ. This parameter is related to the inflationary superpotential used in standard F-term hybrid inflation W = κ Φ (
where Φ is the gauge singlet inflaton field. Values up to κ 10 −2 seem to be consistent with the bounds and allowing for a small contribution from cosmic strings to the power spectrum could also improve the fit to the data. Thus, the issue of topological defects should only be addressed in a specific model and therefore is beyond our present scope.
We now comment on the corrections to the inflaton potential from taking into account loops involving gauge bosons and gauginos following the discussion [13] , where the oneloop and two-loop corrections to the inflaton mass have been computed in a specific model. The one-loop Coleman-Weinberg potential is given by
where Q is a renormalization scale and STr denotes the supertrace, which is taken over all bosonic and fermionic degrees of freedom. We are interested in the Φ a dependence of all the masses since this dependence can induce a slope for the inflaton. In addition to the waterfall sector, the gauge sector contributes to the one-loop effective potential since the inflaton is a gauge non-singlet combination. Its expectation value induces masses for some of the gauge fields. However, only sectors with a mass splitting between the bosonic and fermionic degrees of freedom contribute to the supertrace in Eq. (2.17). The waterfall sector has such a mass splitting, while the gauge sector has no mass splitting if direct supergravity gaugino masses are absent. The supergravity gaugino masses are given by
where G = K + log|W | 2 , f ab denotes the gauge kinetic function and a, b label different gauge groups while i, j label different scalar fields. In our case, during inflation we have X 0, W 0 and only W X = 0. Thus, the gravitino mass m 3/2 ∼ e G /2 ∼ e K/2 |W | 0, which already suppresses most of the contributions to the gaugino masses in Eq. (2.18). Since X 0 and only W X = 0, the only contribution which survives in the limit W → 0 (i.e. which is not suppressed due to the small gravitino mass) vanishes if we assume
More precisely, we only have to require that this expectation value does not depend on the inflaton, i.e. there should be no terms such as Xf (Φ a ) contained in f ab . Note that we also have to forbid this kind of terms in the superpotential. This can be achieved for example by discrete symmetries which either forbid Xf (Φ a ) at all or force it to appear only together with some additional field(s) whose expectation value(s) vanish. Thus, the corrections from the gauge sector at one-loop are expected to be under control (they are essentially controlled by the small value of the gravitino mass m 3/2 ∝ | W |).
There are potentially dangerous corrections at the two-loop level [40] . In [13] , it was shown that in the large gauge boson mass limit the various two-loop diagrams are suppressed by a universal factor κ 2 (4π) 4 , where in our case κ ≡ a( T i ) b( T i ). Thus, for κ 1 we expect only negligible two-loop contributions.
Effective action of heterotic orbifolds
The main goal of this section is to discuss how the elements of the general scenario of Sect. 
Heterotic orbifolds and Heisenberg symmetry
We start with discussing the field content and the tree-level Kähler potential of heterotic orbifolds, where the matter fields can be divided into two categories: untwisted and twisted fields. The Heisenberg symmetry appears in the tree-level Kähler potential of the untwisted matter fields and is needed to guarantee a sufficiently flat inflaton potential. The twisted sector fields may serve as candidates for identifying the other fields X, H ± and Σ as (products of) twisted matter fields. Moreover, in any heterotic string compactification there is at least one additional modulus as compared to Sect. 2.2, the dilaton, which controls the size of the string coupling and therefore also of the gauge coupling.
In orbifold compactifications 6 of the heterotic string, the six internal directions are compactified on a torus T 6 modulo a discrete symmetry group, e.g. a Z N group. The compact dimensions can be organized into three complex coordinates:
The orbifold is characterized by a three dimensional 'twist' vector v, which encodes the twist acting on the coordinates Z i as Z i → e 2πiv i Z i for i = 1, 2, 3. For example, the heterotic 'mini-landscape' models [30] based on Z 6−II have the twist vector v = (1, 2, −3), i.e. a rotation by (60 • , 120
• , 180
• ) of the first, second and third torus, respectively. The vector v defines the first twisted sector of the theory, and the k-th twisted sector is defined by the twist vector
where 0 ≤ η i (k) < 1 and k = 1, . . . , N − 1 for Z N orbifolds and one requires in addition
The field content of heterotic orbifolds is therefore devided into two classes: untwisted and twisted sector fields. Geometrically this classification distinguishes fields propagating in all 10 dimensions from those propagating only in 6 or 4 dimensions. The latter are the two types of twisted fields which can arise: they can be either confined to a fixed torus or to a fixed point, depending on the particular twisted sector, i.e. whether the twist leaves one torus unrotated or rotates all three of them. Note that these sectors also have a different amount of supersymmetry: the untwisted sector has N = 4 supersymmetry, while the two types of twisted sectors have N = 2 and N = 1 supersymmetry, if they are confined to a fixed plane 7 and a fixed point, respectively. These orbifold models have various moduli, in particular, there are always the dilaton, which controls the strength of the string coupling, and three untwisted Kähler moduli T i associated to the sizes of the tori. In principle, there can be also complex structure moduli U j for the three tori, if they are not fixed by the orbifold projection. For example, the 'mini-landscape' models have three Kähler moduli T 1 , T 2 , T 3 and a complex structure modulus U 3 for the third complex plane.
Without matter fields, the Kähler potential for the moduli is given by [42] 
where h (1, 1) and h (2,1) count the number of untwisted Kähler moduli T i and complex structure moduli U j , respectively. There are at least three untwisted Kähler moduli, i.e. h (1,1) ≥ 3, the number of additional untwisted Kähler moduli and the number of untwisted complex structure moduli, h (2, 1) , are model-dependent. Here, we do not consider twisted moduli and focus on the three 'diagonal' or 'universal' Kähler moduli, which parametrize the volumes of the three orbifold planes.
Denoting the metric on one of the tori by G ij , the geometric moduli T and U associated to this torus are given by
B ij denotes the components of the 2-form in the torus. If one introduces an explicit parametrization of the metric G ij on this torus as follows
the moduli T and U are given by
Note that U depends only on the ratio of the radii and thus determines the shape of the torus, while T determines the overall size of the torus.
The Heisenberg symmetry arises at tree-level for the untwisted matter fields denoted by Φ i a : Fixing the complex structure modulus of the i-th torus, the Kähler potential depends only on the combination [42] 
Note that it is only a symmetry of the Kähler potential and generically need not be preserved by the superpotential. The ρ i are related to the radii R i of the i-th torus in the presence of a non-trivial background for the Φ i a , ρ i ∼ R 2 i , since the moduli T i have to be redefined (see e.g. [43] ).
In [28] , the 10d origin of the Heisenberg symmetry was discussed. The symmetry appears in the limit of vanishing superpotential and gauge coupling and can be traced back to a shift of the 10d gauge fields
and a corresponding shift of the 2-form B M N by
Upon compactification on an orbifold these transformations induce the Heisenberg symmetry transformations on the fields T i and Φ i a . It is expected that the Heisenberg symmetry is related to the T-duality group. It remains a task for the future to clarify this connection.
For fixed complex structure moduli U j , the tree-level Kähler potential for the Kähler moduli T i and both untwisted matter fields Φ i a and twisted matter fields Ψ a is of the following form
where the exponents q a i are determined by the corresponding twist vector (cf. Eq. (3.20) ). In general, these are rational numbers and there can be two cases: either all three q i 's are non-zero or exactly one of them vanishes [44] . If one expands the Kähler potential for the untwisted matter fields Φ i a to quadratic order, the tree-level contribution has the same form as for the twisted matter fields with q a j = δ i j . Note that the Kähler potential in Eq. (3.11) is valid in the limit where Re T i is much larger than the matter fields Φ i a and Ψ a , i.e. Re T i Φ i a , Ψ a . For the dilaton, there are two different formalisms which are closely related: the string spectrum contains the antisymmetric tensor field b µν . We can combine this field with the dilaton in a linear multiplet L. Alternatively, we can perform a duality transformation to implement this tensor field as an axion and describe it together with the dilaton as a chiral multiplet S. Both formalisms are believed to be equivalent even at the nonperturbative level [45] . In the chiral multiplet formalism, the tree-level Kähler potential for the dilaton is given by K tree ch = − log(S +S) , (3.12) while in the linear multiplet formalism it is instead given by
At tree level, the two formalisms are related by
where and s denote the lowest component of the linear and chiral multiplet, respectively. Thus, the weak-coupling limit corresponds to → 0 or s → ∞. However, Eq. (3.14) is subject to both perturbative and non-perturbative corrections and we will discuss the required modifications of Eq. (3.14) in Sect. 3.5.
Target space modular invariance
The low-energy effective supergravity action is subject to strong constraints from target space modular invariance, which is preserved to all orders in perturbation theory. We will discuss these symmetry transformations and the restrictions it imposes on the superpotential. The latter strongly constrain the functional form of the moduli-dependent functions a(T i ), b(T i ) and c(T i ) in Eq. (2.6a).
The modular transformations of the Kähler moduli T i and complex structure moduli U j are elements of SL(2, Z) [42, 46] . There is one such SL(2, Z) group for each modulus M ∈ {T i , U j }, which acts on M as 15) and hence
Therefore, the modular group induces a transformation of the Kähler potential: 17) where h (1, 1) and h (2, 1) again count the number of Kähler moduli T i and complex structure moduli U j , respectively. Since the scalar potential is necessarily invariant and depends only on the combination G = K + log|W | 2 , the superpotential must also transform under modular transformations according to
Moreover, the matter fields Φ α = {Φ i a , Ψ a } transform under the modular group as
The exponents q α i , p α j in Eq. (3.11) and (3.19) are called modular weights [44, 47] . They are determined by the orbifold twist vector of the given sector η i (k), cf. Eq. (3.2), as follows 20b) where the N i andN i are integer oscillator numbers of left-moving oscillators α i and¯ α i , respectively. Similarly, the p α j are given by
For a given polynomial in the matter fields to be used in the superpotential, the correct transformation of W can be ensured by appropriate powers of the Dedekind η-function multiplying this polynomial. Under modular transformations, the η-function transforms as 22) up to a phase, where
Thus, a generic term in the superpotential has the following structure ) and hence if a term in the superpotential has a moduli-dependence, it is generically of the form ∼ e −c T i at large radius (i.e. for large Re T i ) for some constant c. If a term contains an explicit factor of e −cT i , it is interpreted as being generated by non-perturbative effects: The strings have so stretch over the i-th torus to reach each other, which leads to a suppression by the volume. In principle, there are terms in W which do not depend on the moduli (up to a modular invariant function which we do not consider here). For instance, three untwisted fields associated to three different planes or three twisted fields living at the same fixed point will not have any moduli dependence. Up to a modular invariant function, which we do not consider here.
As is well known, the superpotential for the matter fields starts at cubic order in the fields after the heavy string states have been integrated out. This is why we introduced the field Σ in Eq. (2.6a) to generate the F-term of X by acquiring an expectation value. In general, Σ will be some product of fields, which we collectively denoted by Σ 2 in Eq. (2.6a). Similarly, also the functions a(T i ), b(T i ) and c(T i ) might depend on expectation values of some matter fields, which will affect their moduli dependence. We discuss this issue in more detail in Sect. 4.1.
Gauge kinetic function and Green-Schwarz counterterm
Here, we review the gauge kinetic function and its string one-loop corrections. The modular transformations are anomalous at the string one-loop level and this anomaly is cancelled by the Green-Schwarz mechanism and threshold corrections from massive string modes, which in turn modifies the effective action. In particular, in the chiral multiplet formalism the dilaton S will generically mix with the Kähler moduli T i and the complex structure moduli U j . This mixing makes finding flat directions suitable for inflation more complicated.
In the chiral multiplet formalism, the gauge couplings are determined by g −2 a = Re f a with the gauge kinetic function f a . At string one-loop level, f a is given by [48, 49, 50, 51] 
where a labels the different gauge groups, k a is the Kac-Moody level of the group (typically k a = 1), and the model-dependent constants α i a are defined as
Here, (adj) and a (rep A ) are the Dynkin indices of the adjoint and matter field representations of the corresponding gauge group G a , respectively. 10 The coefficients δ i GS are given by [51] 
where
is a beta function coefficient of the gauge group G a for the i-th torus. These coefficients are non-zero only if there is some twisted sector with N = 2 supersymmetry and if this twisted sector does not rotate the i-th torus. The factors |D| and |D i | are the degree of the twist group D and the little group D i , which leaves the i-th unrotated, respectively. For example, the mini-landscape models have D = Z 6−II and |D| = 6, |D 2 | = 2 and |D 3 | = 3 since the little groups under which the second and third torus are fixed are Z 2 and Z 3 , respectively. The first torus is rotated in all twisted sectors. The δ i GS terms are introduced to cancel a sigma-model and Kähler anomaly of the modular group. This anomaly induces a non-trivial modular transformation of the dilaton in the chiral formalism:
This anomaly is cancelled (partially) by the so-called Green-Schwarz counterterm, which modifies the Kähler potential at string one-loop level. Neglecting the matter fields, the modified Kähler potential in the chiral multiplet formalism is given by
Thus, generically the dilaton mixes with the Kähler and complex structure moduli. This makes computations in the chiral formalism somewhat more complicated, in particular, the diagonalization of the kinetic terms, which is necessary when discussing flat directions. In the linear multiplet formalism, however, the dilaton is inert under modular transformations. 11 In this formalism, the Green-Schwarz counterterm is implemented differently [48, 52] . Neglecting the complex structure moduli, it is determined by the quantity
Here, we will assume that V GS preserves the Heisenberg symmetry, i.e. that it is actually given by the tree-level Kähler potential [29] :
with the unknown contribution of the twisted matter fields Ψ a to the Green-Schwarz term parametrized by the coefficients p a . Upon including this term, the effective Kähler metric for the fields is modified to
In general, the Green-Schwarz mechanism will not cancel the complete modular anomaly completely. The remaining part of the anomaly is cancelled by threshold corrections from massive string modes [51] . These threshold corrections are moduli-dependent since the masses of e.g. the Kaluza-Klein and winding states depend on the radii.
Loop corrections to the matter Kähler potentials
The stabilization of the moduli during inflation, as explained in Sect. 2.3, relies crucially on the function d(ρ 3 ). In this section, we propose a functional form of d(ρ 3 ), which we expect to arise in heterotic orbifold compactifications. First, we consider known results for the string one-loop corrections to the Kähler metric of untwisted matter fields. Based on these results, we suggest a generalization in the presence of background values for matter fields and argue why we expect the Heisenberg symmetry to be preserved in the large radius limit, up to exponentially suppressed terms.
The result of [35] for the string one-loop corrections to the Kähler metric of untwisted matter fields in N = 2 orbifolds has the following form:
where 36) and is the loop counting parameter, the lowest component of L or ∼ (S +S) −1 . β is related to the N = 2 beta function coefficient of the torus associated with T and the gauge group which acts non-trivially on the matter field under consideration. The moduliindependent constant γ is the effect of the N = 1 subsectors. The moduli-dependence of Y (T,T ) in Eq. (3.35) originates in loops involving massive string states, namely KaluzaKlein and winding modes, whose masses depend on the moduli, especially on the radius. Note that the moduli-dependent correction Y (T,T ) arises only from N = 2 sectors, which leave the plane associated to the matter field unrotated and therefore only depends on the moduli of that plane.
For Re T 1, we can approximate Y (T,T ), Eq. (3.36), by
as can be easily seen from Eq. (3.23). The dependence on Im T is only through the additional terms ∼ e −2πT , which are exponentially suppressed for large Re T , i.e. for a large compactification radius. In other words, the continuous shift symmetry T → T + iα (which is broken to a discrete one by worldsheet instantons [36, 37] ) survives as an approximate symmetry in the large radius limit.
Based on these results, we propose a generalization involving background values for untwisted matter fields as described below. It remains a task for the future to check our proposal by calculating the relevant string amplitudes.
As a working hypothesis, we consider the case where we simply replace T +T in the large radius limit of Y (T,T ), Eq. (3.37), by ρ ≡ T +T − a |Φ a | 2 , i.e. 38) and only the exponentially suppressed terms break the Heisenberg symmetry. In the following, we parametrize this breaking by a term λ a |Φ a | 2 , with λ ∼ e −πρ exponentially small for large radius (i.e. large ρ). The coefficient λ has to be computed directly from string amplitudes, and in general will depend on T . The assumption that the Heisenberg symmetry is broken only by exponentially suppressed terms in the large radius limit is based on the observation that this happens for the continuous shift symmetry T → T +iα, which is part of the Heisenberg symmetry group, cf. Eqs. (2.4) and (2.5).
We now apply this assumption to the setup considered in Sect. 2, that is we consider
which is of the form Eq. (2.11) with d(ρ 3 ) = Y (T 3 ,T 3 , Φ a ,Φ a ) given by Eq. (3.38).
Non-perturbative corrections
So far, we have described the structure of the effective supergravity theory at tree-level and introduced perturbative corrections. Now we will introduce also non-perturbative corrections. These are an important ingredient for successful moduli stabilization in string theory and in heterotic models they are crucial in order to stabilize the dilaton.
The stabilization scheme which we will employ here is known as Kähler stabilization [54] . It relies on non-perturbative corrections to the superpotential from gaugino condensation in combination with non-perturbative corrections to the Kähler potential. These nonperturbative corrections can be either of a field-theoretic [55] or a stringy origin [56] (see also [57] ). Field-theory instantons scale like e −1/g 2 , while string theory instanton effects scale like e −1/g , where g is the coupling constant.
In the following, we first briefly comment on non-perturbative effects in the chiral multiplet formalism and then we turn to their description in terms of the linear multiplet. The discussion here follows [54] .
The chiral multiplet formalism
In the chiral multiplet formalism, one has non-perturbative corrections to both the Kähler and the superpotential,
The non-perturbative superpotential is due to the presence of a gaugino condensate and thus one has [50, 58] 
where b is related to the beta-function coefficient of the condensing gauge group and the η-functions are introduced to ensure covariance of the superpotential under modular transformations. The non-perturbative corrections to the Kähler potential are typically parametrized in terms of Re S, cf. e.g. [59] for some examples.
The kinetic mixing between the dilaton and the Kähler moduli, cf. Eq. (3.29), however makes finding flat directions more complicated in the chiral multiplet formalism. Thus, we will focus on the linear multiplet formalism and since the two formalisms are believed to be equivalent there should be no physical difference.
The linear multiplet formalism
In the linear multiplet formalism, the superpotential is independent of the dilaton since it is not a chiral superfield. The non-perturbative corrections to the Kähler potential are parametrized by a function g(L) as
where the dots denote the terms involving the other moduli and matter fields. The gauge coupling constant (at the string scale) also receives non-perturbative corrections given by another function f ( ):
The relation between the linear and the chiral multiplet formalism gets modified by both perturbative and non-perturbative effects [54] :
where V GS is given by Eq. (3.32).
The two functions g( ) and f ( ) in Eqs. (3.42) and (3.43) are related by
where the prime denotes a derivative with respect to . The differential equation and boundary condition ensure canonical normalization of the Einstein term and the correct behaviour in the weak-coupling limit → 0, respectively. Following [54] , we parametrize f ( ) as
During inflation, the gaugino condensate is expected to be negligible and hence the effective scalar potential for vanishing D-terms is given by [29] 
where the indices m, n run over the scalar components of the Kähler moduli T i , the untwisted matter fields Φ i a and the twisted matter fields Ψ a and with F m given by
The effective Kähler metric in the last term of Eq. (3.47) is given by 49) while the K to be used in Eqs. (3.47) and (3.48) is given by 50) which is obtained by replacing all superfields with their scalar components (denoted by lower case letters) and dropping the perturbative corrections. Note that in Eq. (3.50) we
Anomalous U (1) A and generating expectation values
In this section, we review how to generate expectation values for matter fields via Dterms of an anomalous U (1) A and F-terms. For more details and examples in the present context of inflation model building, see e.g. [29, 53] . Recall that we introduced the field Σ in Eq. (2.6a), which has to acquire an expectation value in order to generate an F-term for X. This is necessary since the string theory superpotential starts at cubic order in the matter fields and thus no linear terms are present unless some fields acquire expectation values. These are collectively represented by Σ.
D-term expectation values
In many orbifold models there exists an anomalous U (1) A . The anomaly is cancelled via a Green-Schwarz counterterm, which gives rise to a Fayet-Iliopoulos contribution to the D-term D A . Thus, we have a contribution to the scalar potential from the D-term,
where the index α runs over both twisted and untwisted matter fields, q α A denotes the charge under the anomalous U (1) A (not to be confused with the modular weights q α i ), the gauge coupling g 2 is given in Eq. (3.43), φ α denotes the scalar component of Φ α ∈ {Φ i a , Ψ a } and the Fayet-Iliopoulos D-term ξ A (in the linear multiplet formalism) is given by 
Cancellation of the D-term requires some matter fields to pick up non-zero expectation values of the form
F-term expectation values
Via the superpotential, such D-term expectation values can induce other expectation values. To illustrate this, let us review the example of [53] . Consider the following modular invariant expression of the three fields χ, φ, φ : 55) and assume that φ and φ acquire non-zero expectation values, e.g through the cancellation of a D-term as described above. Using this expression, we can build a superpotential contribution of the form
with some constants c n , which is allowed by all the symmetries, if the products ψφφ and χφφ are gauge invariant. The F-term equations can be satisfied if ψ = 0 and
If c 0 , c 1 = 0, the only solution to this equation is Γ = const and hence
Note that if φ and φ are induced by the D-term cancellation as above, we see from Eqs. (3.58) and (3.54) that | χ | 2 ∝ −2 . Also note that in principle χ can involve η(T i ) to some power.
Realisation in heterotic orbifolds
After reviewing the basic ingredients of the effective field theory of heterotic orbifolds above in Sect. 3, we now outline how the general scenario of Sect. 2 may be realised within such compactifications. We begin by identifying the field content, which needs to be extended to include the dilaton. We also comment on the form of the superpotential in Sect. 4.1. Next, we describe how the moduli can be stabilized within this setup in Sect. 4.2. In Sect. 4.3, we briefly comment on constraints from imposing D-flatness. Finally, we discuss possibilities for generating a slope and the hybrid mechanism for ending inflation in Sect. 4.4.
The field content and the superpotential
We first identify the field content of the general class of models of Sect. 2.2 within heterotic orbifold compactifications. Then, we discuss the requirements on the moduli dependence of the scalar potential, which is affected by the constraints on the superpotential from modular invariance and the moduli-dependence of expectation values of matter fields (cf. Sects. 3.2 and 3.6, respectively).
The identification of the field content of Sect. 2.2 is straightforward: The moduli T i are of course identified with the three untwisted Kähler moduli present in any heterotic orbifold, which determine the radii of the three tori. f (Φ a ) is a product of untwisted matter fields Φ a , associated w.l.o.g. to the third torus with modulus T 3 , which forms a D-flat direction, e.g. f (Φ a ) = Φ + Φ − . We neglect the complex structure moduli U j here, assuming that they are either fixed by the orbifold projection or in a similar way to the T i . We also neglect any twisted moduli or additional 'off-diagonal' Kähler moduli.
We take X to be a twisted matter field in a twisted sector with N = 2 supersymmetry. This is necessary to have a non-trivial moduli dependence in its Kähler metric, which is parametrized by d(ρ 3 ) in Eq. (2.11). We expect this moduli dependence to arise from string threshold corrections, cf. Sect. 3.4, and we assume here that it preserves the Heisenberg symmetry up to terms which are exponentially small in the large radius limit. The function d(ρ 3 ) is given by Eq. (3.39) and is of a similar form as the simple example discussed in 2.3: in addition to the part linear in ρ 3 it contains a logarithmic contribution. Moreover, all these corrections are of course proportional to the dilaton since this is the string loop counting parameter. In order to receive moduli-dependent corrections to its Kähler metric, X must be charged under (part of) the gauge group of the N = 2 subsector. We will for simplicity assume that the inflaton (and the waterfall) fields are neutral with respect to this gauge group. Recall also that the inflationary setup of Sect. 2 requires a negative quartic |X| 4 term in the Kähler potential and we assume that this term exists. However, the Kähler potential of twisted matter fields is only known to quadratic order so far and our two assumptions on the Kähler potential terms involving X need to be checked in the future.
The superpotential starts at cubic order in the matter fields and thus the F-term of X has to arise from non-vanishing expectation values for some other fields, which were collectively denoted by Σ in Eq. (2.6a). As reviewed in Sect. 3.6, these expectation values are generically moduli-dependent and thus modify the dependence of the effective scalar potential on the moduli fields. Recall that an important property of the setup of Sect. 2 is that during inflation only W X = 0 and W W m 0 for all m = X.
This property is well-suited for realisations of inflation in heterotic orbifolds [6, 29] . We therefore require that a superpotential with the structure of Eq. (2.6a) is present. It remains a task for the future to find explicit compactifications where this structure is realised and in particular whether this is possible in phenomenologically interesting setups such as the mini-landscape models [30] . However, this seems possible since we can e.g. allow for terms of the form Φ a ΨΨ in the superpotential if Ψ Ψ 0 during inflation.
The functions a(T i ), b(T i ) and c(T i ) in Eq. (2.6a) are constrained by modular invariance: They are given by appropriate powers of the η-function η(T i ), cf. Eq. (3.24) . For example, we must have (for Re T 3 1)
since f (Φ a ) involves at least two untwisted fields from the same sector. Note that in general it will also depend on T 1 and T 2 . During inflation, H ± = 0 and therefore the moduli dependence of b(T i ) and c(T i ) enters the effective scalar potential only through loops involving the waterfall fields.
There is a complication compared to the scenario of Sect. 2, namely that the functions a(T i ), b(T i ) and c(T i ) in principle might involve the expectation values of some matter fields, which can alter their moduli dependence. In particular, Σ directly affects the moduli dependence of the scalar potential and thus the stabilization of the moduli because it can depend on the moduli, as explained in Sect. 3.6. There are two requirements which the scalar potential has to fulfill during inflation: it must be sufficiently flat at tree-level along the inflationary trajectory and it must lead to successful moduli stabilization. As we will see below in Sect. 4.2, the latter requirement imposes a constraint on the functional form of |a(T i )| 2 | Σ | 4 (which encodes the moduli dependence of the F-term of X) to be independent of η(T 3 ) and to depend only on inverse powers of both η(T 1 ) and η(T 2 ). This can be translated into a requirement on the modular weights of certain fields. The first requirement of a sufficiently flat tree-level potential for the inflaton will be discussed in Sect. 4.4.
Stabilization of the dilaton and the Kähler moduli
It is important to stabilize all of the moduli during inflation (preferably with masses m ∼ H inf ), since none of them is considered to be the inflaton. The stabilization works essentially the same way as in the phenomenological approach in Sect. 2.3, even though the dilaton complicates the situation significantly. We will now discuss the moduli dependence of the scalar potential and argue that all moduli can be stabilized. In particular, we show that one can stabilize ρ 3 , as defined in Eq. (3.8), at a large value.
The typical scale of the gaugino condensate is around ∼ 10 11 GeV and thus it is negligible during inflation [29] (it is however crucial for stabilizing the dilaton and the pattern of supersymmetry breaking after inflation). Since the setup has the properties W 0 and only W X = 0, we need to stabilize the dilaton solely by the F-term of X in combination with non-perturbative corrections to the Kähler potential, cf. Sect. 3.5.
Therefore, we expect that the dependence of the scalar potential on the dilaton and ρ 3 as defined in Eq. (3.8) can be parametrized as follows
Recall that the F-term of X has a moduli dependence encoded in |a| 2 | Σ | 4 and also K XX depends on the moduli, cf. Eq. (2.12). If for example Σ is independent of , we have n = 1, while otherwise n can be either enhanced or reduced, but it is always an integer number. Similarly, q is some model-dependent rational number typically ≥ −1. Whether and ρ 3 are stabilized or not depends on the interplay of various parameters. We have depicted the potential (in arbitrary units) as a function of and ρ 3 in Figs. 3  and 4 for an illustrative choice of parameters, which demonstrates that one can indeed stabilize and ρ 3 . Similar to [29, 60] , if n ≤ 1 the dilaton can be stabilized during inflation at ∼ O(1) and with reasonable values for the gauge coupling g.
12 By analogy to the discussion in Sect. 2.3, we expect a minimum for ρ 3 if q < 0 and β 3 > 0, which indeed occurs. Interestingly, assuming γ to be negligible, the values of and ρ 3 at their minima appear to be parametrically related by ρ 3 ∼ (β 3 ) −1 , up to a numerical factor which is roughly O(1). Hence, a minimum at rather large values of ρ 3 requires β 3 < 1 and since β 3 is related to the beta function coefficient of an N = 2 theory by β 3 = b N =2 /8π 2 , this can indeed be fulfilled if ∼ O(1). This requirement is important, because we expect the Heisenberg symmetry to be preserved only in the large radius limit. Both and ρ 3 can be stabilized at masses ∼ H inf . Note that analogous to the situation in Sect. 2.3, the potential has poles along a line in the and ρ 3 plane. So far, the dilaton and ρ 3 can be stabilized during inflation, but we still need to show that the remaining Kähler moduli T 1 and T 2 can also be fixed during inflation. They are defined as in Eq. (3.5) since we assume that the untwisted matter fields associated to them have negligible expectation values during inflation. The dependence of the scalar potential on T 1 and T 2 is typically of the form [2] 
for some (in general rational) model-dependent numbers p i . For this form of the potential, if p i > 0, the T i get stabilized at the self-dual value T i = e iπ/6 with masses ∼ H inf . Note that the η-function also provides a potential for Im T i . The stabilization of Re T i can be also understood from the simple example of Sect. 2.3: for Re T i 1, we can approximate η(T i ) ∼ exp(− π 12 T i ). Thus, we expect that even if T i +T i and |η(T i )| 4 do not enter with the same power into the scalar potential, we get a minimum at Re T i ∼ O(1) as long as both powers are negative. Fig. 5 shows a plot of the T i dependence of the potential Eq. (4.3) for a sample choice of parameters (in arbitrary units). In the light of the considerations above, we may now assume that all moduli are stabilized with masses ∼ H inf and regard them as effectively constant in the following.
Due to the O(1) values for the moduli, one might worry about higher string-loop and α -corrections. The string-loop counting parameter is /8π 2 and thus it can be sufficiently small even if ∼ O(1). The issue of α -corrections is a difficult question in the context of orbifolds. If they respect the Heisenberg symmetry to a sufficient amount (similar to our assumption for the string-loop corrections discussed in Sect. 3.4), they will not affect the flatness of the inflaton potential, but their precise form in principle can affect e.g. moduli stabilization. At the orbifold point, i.e. at a point where the expectation values of all matter fields (in particular those of the twisted fields) vanish, one has a description in terms of an exact CFT. In the presence of an anomalous U (1) A , however, some fields must acquire expectation values to cancel the FI-term, as is the case in all phenomenologically interesting orbifold models found so far. If twisted fields acquire expectation values, some (or all) of the orbifold singularities get resolved or 'blown-up'. Further investigations of this issue are required, e.g. along the lines of [61] by using gauged linear sigma models.
D-flatness conditions
Before we discuss the inflaton potential, we have a few comments on constraints from Dflatness, i.e. from the requirement that the D-term potential vanishes. By assumption, the combination of untwisted matter fields f (Φ a ) in the superpotential is a gauge invariant product, such that the constraints from D-flatness are satisfied. In this way, potentially dangerous corrections to the inflation potential are avoided. We assume that f (Φ a ) carries a zero net charge under the anomalous U (1) A used to generate expectation values in Sect. 3.6.
Considering for simplicity a simple non-anomalous gauge group G, the contribution to the D-term potential is given by
where α runs over all matter fields (both untwisted and twisted) charged under the gauge group G, n labels the generators T n (α) , which need to be taken in the appropriate representation acting on Φ α , and K α is the derivative of the Kähler potential with respect to Φ α . In general, this is a function of the Kähler moduli, but since they acquire large masses as discussed above, they quickly settle to their minimum and thus the K α are effectively constant.
Since the waterfall fields H ± (which are in conjugate representations of the gauge group) are kept at zero during inflation, we focus on the Φ a . Imposing D-flatness, i.e. V D = 0 in Eq. (4.4), requires the expectation values of the Φ a to fulfill certain relations. For example, in the simplest case of a U (1) with f (Φ a ) = Φ + Φ − we would have to satisfy
There are also other possibilities, e.g. the cases discussed in [13] , where inflation proceeds along the sneutrino direction in a Pati-Salam and SO(10) supersymmetric GUT, which is one of several D-flat directions.
Note also that due to the expectation values for certain components of the Φ a the gauge group gets broken down to a subgroup G ⊂ G and the inflaton is a gauge singlet with respect to G .
A slope for the inflaton and the hybrid mechanism
So far, we have explained how to stabilized the moduli and considered the constraints from D-flatness in our setup. Now we discuss the form of the inflaton potential, in particular what sources can generate a slope for the inflaton direction. Inflation ends via the hybrid mechanism: once the inflaton reaches a critical value one of the waterfall fields becomes tachyonic, thereby ending inflation by a phase transition. We will not discuss this latter phase in detail and instead restrict ourselves to argue why the slope can be small.
There is already a source for a slope of the inflaton in the potential Eq. (4.2), namely the λ|Φ a | 2 piece, which we use to parametrize the amount of breaking of the Heisenberg symmetry by string loop corrections. With the moduli at their minimum (and before considering further corrections), the inflaton potential has the form
where V 0 depends on the expectation values of T 1 , T 2 , ρ 3 and as well as Σ . The kinetic terms of the φ a are ρ
To trigger the phase transition, the inflaton has to roll towards φ a = 0 and if the λ term dominates the slope this requires λ < 0 since β 3 > 0, cf. Sect. 4.2. Expanding around φ a 0 and canonically normalizing, we can estimate the contribution to the slow-roll parameter 13 η:
where we used ρ 3 ∼ (β 3 ) −1 and β 3 1. Since slow roll inflation occurs if |η| 1, we have to require that |λ| 1. If the Heisenberg symmetry is broken only by nonperturbative effects such that λ ∼ e −πρ 3 (see Sect. 3.4), this condition can be fulfilled with ρ 3 sufficiently larger than 1. The discussion of moduli stabilization in Sect. 4.2 implies that this indeed could be achieved.
Recalling the list of sources for a slope of Sect. 2.4, the above contribution to the slope is a weak violation of the Heisenberg symmetry in the Kähler potential. In addition, if λ is exponentially small for large ρ 3 , other effects might also contribute significantly to the slope. One example is the slope induced by the symmetry violating term f (Φ a )H + H − in the superpotential, which enters into the one-loop Coleman-Weinberg potential. A further source is through a (small) violation of the conditions W W n 0 for all n = X. Actually, such a violation is necessary since W X should be driven to zero in the waterfall phase transition and we have to stabilize the moduli also afterwards. Recently, a moduli stabilization scheme for heterotic orbifolds was proposed [31] , which included the possibility that W = 0 but parametrically small due to the breaking of an approximate R-symmetry at a high order in the superpotential [62] . Here, such a term would induce a slope for the inflaton due to a parametrically small violation of the condition W 0.
To summarize, we have outlined a possibility to provide a sufficiently flat inflaton potential in combination with a mechanism to end inflation. It seems plausible that the above scenario can occur in heterotic orbifold compactifications, even though it remains to be checked whether our requirements and assumptions are fulfilled in an explicit and phenomenologically interesting model.
Conclusions and outlook
In this work, we have constructed a framework which is promising for realising inflation in the untwisted matter sector of heterotic orbifold compactifications. For this purpose, we have described in Sect. 2 a class of supergravity models which is a generalization of the inflation models in [8] . It is based on two ingredients necessary to solve the η-problem: a tribrid structure and a Heisenberg symmetry. The tribrid structure assigns three 'tasks' to three different fields: a field X provides the vacuum energy, a field Φ plays the role of the inflaton, i.e. the clock measuring when inflation ends, and a waterfall field H allows inflation to end. The field H has a Φ-dependent mass and once Φ reaches a critical value a phase transition is triggered, which ends inflation. The superpotential during inflation satisfies W W n 0 except for n = X, and together with the Heisenberg symmetry this protects the inflaton from dangerous corrections at tree-level. The Heisenberg symmetry allowed us to identify the inflaton Φ with a combination of gauge non-singlet matter fields. This makes such scenarios for inflation particularly appealing since one can relate particle physics models and models of inflation. A recent explicit realisation of this idea in the context of supersymmetric GUTs can be found in [13] .
Some features of the above class of models are typical for orbifold compactifications of the heterotic string, in particular the condition W 0 and the Heisenberg symmetry, which appears in the tree-level Kähler potential of the untwisted matter fields. Moreover, there has been a lot of progress within the last years in order to realise the MSSM in a certain class of heterotic orbifold compactifications [30] . Very recently, [32] attempted to find explicit metastable de Sitter vacua in this class of orbifolds, but the search has proven to be difficult.
Our aim was to realise inflation in the matter sector and with this motivation we have discussed whether the considered supergravity setup can be embedded in heterotic orbifolds. We have outlined in Sect. 4 under which conditions this is possible:
• There exists a (tree-level) D-flat and F-flat direction of untwisted matter fields in a torus with fixed complex structure modulus.
• The relevant part of the superpotential has tribrid structure as defined in Eq. (2.6a).
• There are suitable expectation values for the fields collectively denoted by Σ , cf. Eq. (2.12).
• The Kähler potential of X has a moduli-dependence which respects the Heisenberg symmetry at large radius and leads to the stabilization of ρ 3 as defined in Eq. (2.7).
• The dilaton can be stabilized by non-perturbative corrections to the Kähler potential.
An important open question is whether the necessary structure of the superpotential and suitable expectation values can be realised in an explicit orbifold compactification. Also the existence of a D-flat and F-flat direction of untwisted matter fields in a torus with fixed complex structure modulus has to be verified. However, it seems plausible that these conditions can be fulfilled. It is then also particularly interesting if there is an overlap with models where spectra close to the MSSM can be achieved.
As usual in string theory models of inflation, moduli stabilization is very important but also challenging: some moduli can only be stabilized by non-perturbative effects and the large vacuum energy during inflation can lead to decompactification [33] . In the case of the Heisenberg symmetry, this is even more severe since the symmetry combines the inflaton with one of the moduli. Hence, we needed a way to stabilize the modulus without giving a large mass of the order ∼ H inf to the inflaton. We proposed a way to achieve this based on an ansatz for the string loop corrections to the Kähler metric of the field X, which we assumed to live in a twisted sector, more precisely an N = 2 twisted sector. In the presence of sectors with N = 2 supersymmetry, there are known moduli-dependent threshold corrections to the matter Kähler metrics of untwisted matter fields [35] . As a working hypothesis, we assumed that these corrections have the same form for the twisted matter field Kähler metrics and break the Heisenberg symmetry only by terms which are exponentially suppressed in the large radius limit. It was shown that if this assumption is combined with non-perturbative corrections to the Kähler potential and a suitable dependence of the F-term of X on the remaining Kähler moduli one can stabilize the bulk moduli with masses m H inf . Unfortunately, the Kähler potential for twisted matter fields is typically only known at tree-level and to quadratic order in the fields. We have proposed a form which is interesting from the point of view of inflation and seems reasonable. However, it remains to be seen whether our hypothesis can be fulfilled in an explicit and phenomenologically interesting model.
Assuming all requirements for our setup on the structure of the Kähler and superpotential can be fulfilled, one needs a concrete model at hand in order to make predictions for observables, for example the scalar spectral index n s . One has to determine the field content and the superpotential to fix the moduli dependence of the scalar potential. In addition, one needs to compute all the relevant parameters from the underlying string theory, which is however quite difficult, especially for the non-perturbative corrections to the Kähler potential.
A further important task is to gain a more detailed understanding of the origin and the fate of the Heisenberg symmetry within string theory. Its 10d realization involves a shift of the NS 2-form B M N and therefore we expect a connection with T-duality which needs to be clarified.
In summary, we have proposed a framework for realising inflation in the matter sector of heterotic orbifold compactifications. Scenarios with a matter field as the inflaton are phenomenologically attractive since they relate models of inflation and particle physics. Our present work should be viewed as a first step towards this goal and we have discussed the conditions which have to be fulfilled in an explicit heterotic orbifold model.
